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$S$ , $U$ $S$ . $U$
$U$ $\underline{(\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{b}\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n})}$
. $U$ $\mathcal{D}$ $\text{ }*$ (continuous) , $U$ $p$ $O_{p}$
$p$ $\mathrm{V}_{p}$ $O_{p}\text{ }\mathrm{V}_{p}\in \mathcal{D}$ . $\text{ }$
$S\backslash U$ , $\mu$} $S$ Op $O_{p\mathrm{o}}\backslash \{\text{ }\}\subset U$ .
$U$ $\mathcal{D}$ ( $\mathcal{D}$
) . $(x, y)$ p , $(0, 0)$
. $r_{0}$ , $\{0<x^{2}+y^{2}<r_{0}^{2}\}$ $U$ .
\phi \epsilon $(0, r_{0})\cross \mathrm{R}$ , $(r, \theta)\in(0, r_{0})\cross \mathrm{R}$ (rcos $\theta$ , rsin $\theta$)
$\cos\phi_{\mathrm{D}_{j}p0}(r, \theta)\frac{\partial}{\partial x}+\mathrm{s}.\mathrm{n}\phi_{\mathrm{D}_{\mathrm{i}}p_{0}}(r, \theta)\frac{\partial}{\partial y}\in \mathcal{D}$
. $\phi_{\mathfrak{D}_{j}p0}$ $\Phi_{\mathfrak{D}_{j}p0}$ .
$\mathcal{D}$
$\text{ }$ (index) indp $(\mathcal{D})$ :
$\mathrm{i}\mathrm{n}\mathrm{d}_{p0}(\mathcal{D}):=\frac{\phi_{\mathfrak{D}p0}j(r,\theta+2\pi)-\phi_{\mathrm{D}p0}j(r,\theta)}{2\pi}$. (1)
. (1) $(r,\theta)\in(0,r\mathrm{o})\cross$
$\mathrm{R}$ \psi Djpo\in \Phi \epsilon \Leftarrow , $y$)
. $S$ , , $S\backslash U$ .
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Hopf-Poincar\’e , $\mathcal{D}$ $S\backslash U$ $S$
Euler ([Ho, pp. 113]).
. $n\in \mathrm{N}$ , $\mathrm{R}^{2}$
$\mathrm{V}^{(\pm n)}$ :
$\mathrm{V}^{(\pm n)}:={\rm Re}\{(x+\sqrt{-1}y)^{n}\}\frac{\partial}{\partial x}\pm{\rm Im}\{(x+\sqrt{-1}y)^{n}\}\frac{\partial}{\partial y}$ .
, $\mathrm{V}^{(\pm 1)}=x\partial/\partial x\pm y\partial/\partial y$ . $\mathrm{V}^{(\pm n)}$ $\mathrm{R}^{2}$ $(0, 0)$ . $\mathrm{V}^{(\pm n)}$
$\mathrm{R}^{2}\backslash \{(0,0)\}$
$\mathcal{D}^{(\pm n)}$ . $(0, ro)\cross \mathrm{R}$
$\phi_{\mathcal{D}(\pm n)_{j(0,0)}}\in\Phi_{\mathrm{D}(\pm n)_{j(0,0)}}$ , $(r, \theta)\in(0, r_{0})\cross \mathrm{R}$ $\phi_{\mathfrak{D}\mathrm{t}\pm n)_{j(0,0)}}(r, \theta)=\pm n\theta$
. (1) , $\mathrm{i}\mathrm{n}\mathrm{d}(0,0)(\mathcal{D}^{(\pm n)})=\pm n$
.
, . ,
( $\pm 1/2,$ $\pm 3/2,$ $\ldots$ ) $[perp]\backslash$“
([Ho, pp. 109] ).
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2-1
$S$ $\mathrm{R}^{3}$ . $p$ $S$ , $T_{p}(S)$ $p$ $S$
. P $p$ $S$ , $\kappa_{p}(P^{[perp]})$ P $S$ $p$ .
P $\kappa_{p}(P^{[perp]})$ , $\kappa_{p}$
$P^{[perp]}$ . $\kappa_{p}$ $S$ $p$ (principal curvature) ,
$T_{p}(S)$ $S$ $p$ –$\text{ _{}\mathrm{D}}\mathrm{n}$ (principal direction) . $\kappa_{p}$
, $p$ $\underline{\text{ }f_{|5_{\backslash }}}$(umbilical point) . $\kappa_{p}$ , $p$
. $\mathrm{W}$ $S$ Weingarten ( )
, $S$ $p$ $\mathrm{W}$ $T_{p}(S)$ $\mathrm{W}_{p}$ . $p$
$\mathrm{W}_{p}$ , $p$ $p$
. , $S$ p $\mathrm{W}_{p}$
. $K(p):=\det(\mathrm{W}_{p})$ $S$ $p$ $\underline{\mathrm{G}\mathrm{a}\mathrm{u}\mathrm{s}\mathrm{s}\mathrm{f}\mathrm{f}\mathrm{i}\text{ }\prime}$(Gaus i n curva ure)
, $H(p):=\mathrm{t}\mathrm{r}(\mathrm{W}_{p})/2$ $S$ $p$ $\underline{\mp\backslash \prime \mathrm{r},\mathrm{f}\mathrm{f}\mathrm{i}\text{ }\backslash }$( ean curvature) . Gauss
, $w$ $S$
$w(K, H)\equiv 0$ , $S$ Weingarten .
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$S$ Umb(S) . $S=\mathrm{U}\mathrm{m}\mathrm{b}(S)$ ( $S$
) , $S$ . $S\neq \mathrm{U}\mathrm{m}\mathrm{b}(S)$
, $S\backslash \mathrm{U}\mathrm{m}\mathrm{b}(S)$ $S\backslash \mathrm{U}\mathrm{m}\mathrm{b}(S)$
. $S$ $\underline{\exists \mathrm{i}\overline{\theta}^{\backslash }\mathrm{J}7\mathrm{i}}$(principal di tribution)
. $p_{0}$ $S$ , $p_{0}$ $S$ $p_{0}$
$p_{0}$ . $p_{0}$
, $S$ $p_{0}$ (index) indp (S) .
2-2
$S$ . $S$ Hopf (
) . $S$ Hopf
, $S$ $S$ . $S$
, $S$ $p_{0}$ Hopf $\mathrm{o}\mathrm{r}\mathrm{d}_{p0}(S)$ . $p\mathit{0}$
$\mathrm{o}\mathrm{r}\mathrm{d}_{\mathrm{p}0}(S)/2$ ([Ho, pp. 139]).
2-3 VVeingarten
$\mathrm{R}^{3}$ Weingarten $S$ $\text{ }$. 6(special) , Gauss
$w$ :Umb(S)
,
$H \frac{\partial w}{\partial X}(K, H)+\frac{1}{2}\frac{\partial w}{\partial \mathrm{Y}}(K, H)\neq 0$
. , Weingarten . $(x, y, z)$ $\mathrm{R}^{3}$
, (0, 0, 0) $S$ $p0$ $xy$ $\text{ }$ $S$ .
$xy$ $(0, 0)$ $f$ ,
$S$ $\iota\mathrm{e}$
$p\mathit{0}$ . $S$ Weingarten , $f$ $(0, 0)$












. $g$ , $\theta\in \mathrm{R}$
$\tilde{g}(\theta):=g(\omega \mathrm{s}\theta, \sin\theta)$ . $d\overline{g}/d\theta=0$ $R_{g}$ .
$(x,y)\in \mathrm{R}^{2}\backslash \{(0,0)\}$ ) $x\partial/\partial x+y\partial/\partial y$ $g$ $\mathrm{G}_{g}$
$x\sin$ $\theta_{0}=y\infty \mathrm{s}\theta 0$ $\theta_{0}$ $R_{g}$
([A1]). .
$R_{g}=\mathrm{R}$ , $\mathrm{i}\mathrm{n}\mathrm{d}_{\mathrm{o}}(\mathrm{G}_{g})$ $=1$ . $R_{g}\neq \mathrm{R}$ .
r , $g$ $\{0<x^{2}+y^{2}<r_{0}^{2}\}$
. $r$ $(0, ro)$ . $R_{g}$ $\theta 0$ , $\phi_{r,\theta_{0}}$ $\mathrm{R}$
$\phi_{r,\theta_{0}}(\theta_{0})=\theta_{0}$ $\theta$ $(r\cos\theta,r\sin\theta)$ $\mathrm{G}_{g}$
$(\cos\phi_{t,\theta_{0}}(\theta))\partial/\partial x+(\sin\phi_{r,\theta_{0}}(\theta))\partial/\partial y$ .
$R_{g}$ $\theta_{0}$ , U\mbox{\boldmath $\theta$} $\theta 0$ $\mathrm{R}$ $U_{\theta_{0}}\cap R_{g}=\{\theta_{0}\}$
. $R_{g}$ $\theta 0$ $\underline{\theta\backslash \yen\overline{\tau}(\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n})}$ ( ) , $U_{\theta_{0}}\backslash \{\theta 0\}$
$\theta$
$(\theta-\phi_{r,\theta_{0}}(\theta))(\theta-\theta_{0})>0$ ( $<0$)
. $R_{g}$ $r\in(0, r_{0})$
. $R_{g}$ $\theta_{0}$ ( $\mathit{0}$ ) $\underline{7\ovalbox{\tt\small REJECT},\mathrm{f}\mathrm{f}_{\backslash }\theta^{\dot{1}}\text{ }}$(rel ted)
, $\theta_{0}$ ( ) . $R_{g}$
$\theta 0$ $\tilde{g}$ $\theta 0$ ([A1]). $R_{g}$ $\theta_{0}$
(critical sign)
(a) , $\tilde{g}(\theta_{0})=0$ $\tilde{g}(\theta 0)$ $\tilde{g}(\theta 0)$
,
(b) , $\tilde{g}(\theta 0)$ $g(\theta 0)$
. R $\theta_{0}$ $\theta_{0}$
. $R_{g}$ $\theta 0$ : $\theta 0$
, $\theta 0$ ([A1], [A2]); $\theta 0$ ,
$\theta 0$ ( )
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$\frac{d^{2}\tilde{g}}{d\theta^{2}}(\theta_{0})/\tilde{g}(\theta_{0})\in[k(k-2),$ $\infty)$ ( [0, $k(k-2)$ ) $)$
([A2]). $\theta_{0}$ $R_{g}$ , $n$ \mbox{\boldmath $\theta$} $+n\pi$
R . $\theta_{0}$ $\theta_{0}+n\pi$ .
$\theta_{0}$ , $\theta_{0}$ $\theta_{0}+n\pi$
. $\theta\in \mathrm{R}$ , Ng,+( $N_{g,-}$ ) $[\theta, \theta+\pi)$ R
( ) . $N_{g,+}$ $N_{g,-}$ $\theta\in \mathrm{R}$
. $\mathrm{G}_{g}$ $\mathit{0}$ $\mathrm{i}\mathrm{n}\mathrm{d}_{o}(\mathrm{G}_{g})$ $1-(N_{g,+}-N_{g,-})/2$ ([A1]).
$\theta_{1},$ $\theta_{2}$ R , $\theta_{1}<\theta_{2}$ $(\theta_{1}, \theta_{2})$ $R_{g}$
. $\theta_{1}$ $\theta_{2}$ .





$F$ $\mathrm{R}^{2}$ $(0, 0)$ ,
$F(0,0)= \frac{\partial F}{\partial x}(0,0)=\frac{\partial F}{\partial y}(0,0)=0$
$\mathrm{R}^{3}$
$\mathit{0}$ $F$ $\mathrm{G}_{F}$ .
$a_{F}\in \mathrm{R}$ :
$F(x,y)=a_{F}(x^{2}+y^{2})/2+o(x^{2}+y^{2})$ .
$\mathrm{R}^{2}$ $(0,0)$ $\sigma_{F}$ :
$\sigma_{F}:=\{\frac{\mathrm{o}_{1}}{a_{F}}-\frac{|a_{F}|}{a_{F}}\sqrt{\frac{1}{a_{F}^{2}}-(x^{2}+y^{2})}(a_{F}\neq 0\text{ }..\text{ _{}\mathrm{D}}^{\mathrm{A}})(a_{F}=0\vee\epsilon \text{ _{}\mathrm{D}}^{\mathrm{A}})$
,
$\mathrm{G}_{F}$ , $F\not\equiv\sigma_{F}$ 3 $k_{F}\geqq 3$




$g$ 3 , $\mathrm{H}\mathrm{e}\mathrm{s}\mathrm{s}_{g}$ $g$ Hessian . $\eta_{g}$ $\mathrm{R}$
, $\theta$ ${}^{t}(\cos\eta_{g}(\theta),$ $\sin$ \eta g( ) $\mathrm{H}\mathrm{e}\mathrm{s}\mathrm{s}_{g}(\cos\theta,$ $\sin$
. $\theta_{0}$ $\mathrm{H}\mathrm{e}\mathrm{s}\mathrm{s}_{g}(\cos\theta 0, \sin\theta 0)$
$S_{g}$ . $F$
$\mathrm{G}_{F}$ $S_{\mathit{9}F}=\emptyset$ , $F$ $g_{F}$
$\mathit{0}$ ([A4]).
$\mathrm{G}_{F}$ o $l\mathrm{h}$ $-\backslash \infty[perp]$ . $r\mathit{0}$ , $\{0<x^{2}+y^{2}<r_{0}^{2}\}$ $\mathrm{G}_{F}$
. $\phi_{F}$ $(0, ro)\cross \mathrm{R}$ , $(r,\theta)\in(0,r\mathrm{o})\cross \mathrm{R}$
( $(r\omega \mathrm{s}\theta,r\sin\theta)$ )$\mathrm{s}(\cos \phi_{F}(r, \theta))\partial/\partial x+(\sin\phi_{F}(r, \theta))\partial/\partial y$ $\mathrm{G}_{F}$
. $\theta 0$ , (a), (b) ([A4]):
(a) $\phi_{F,\mathit{0}}(\theta_{0})$
(i) $\lim_{rarrow 0}\phi_{F}(r, \theta_{0})=\phi_{F,\mathit{0}}(\theta_{0})$ ,
(ii) ${}^{t}(\omega \mathrm{s}\phi_{F,\mathit{0}}(\theta_{0}), \sin\phi_{F,\mathit{0}}(\theta_{0}))$ $\mathrm{H}\mathrm{e}\mathrm{s}\mathrm{s}_{gF}(\cos\theta 0, \sin\theta 0)$ ;
(b) $\phi_{F,\mathit{0}}(\theta_{0}+0),$ $\phi_{F,\mathit{0}}(\theta_{0}-0)$
(i) $\lim_{\thetaarrow\theta_{0}\pm 0}\phi_{F,\mathit{0}}(\theta)=\phi_{F,\mathit{0}}(\theta_{0}\pm 0)$ ,
(ii) $\Gamma_{F,\mathit{0}}(\theta_{0}):=\phi_{F,\mathit{0}}(\theta 0+0)-\phi_{F,\mathit{0}}(\theta 0-0)$ $\{n\pi/2\}_{n\in \mathrm{Z}}$ .
$\mathrm{i}\mathrm{n}\mathrm{d}_{o}(\mathrm{G}_{F})$ :
$\mathrm{i}\mathrm{n}\mathrm{d}_{o}(\mathrm{G}_{F})=\frac{\eta_{gF}(\theta+2\pi)-\eta_{gF}(\theta)}{2\pi}+\frac{1}{2\pi}\sum_{\theta_{0}\in S_{gp}\cap[\theta,\theta+2\pi)}\Gamma_{F,\mathit{0}}(\theta_{0})$






$g$ 3 . $g$ $\mathit{0}$ \mbox{\boldmath $\theta$}]. -‘‘‘\perp
, $S_{g}=\emptyset$ . \searrow $\theta_{0}$ , $\Gamma_{g,\mathit{0}}(\theta_{0})=$
$-\pi/2$ ([A3]). $F$ $g_{F}$ $\mathit{0}$
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, $S_{gF}$ $\theta 0$ $\Gamma_{F,\mathit{0}}(\theta_{0})\in\{-\pi/2,0, \pi/2\}$ $\mathrm{i}\mathrm{n}\mathrm{d}_{o}(\mathrm{G}_{gF})\leqq$
$\mathrm{i}\mathrm{n}\mathrm{d}_{o}(\mathrm{G}_{F})\leqq 1$ ([A4]). $\mathrm{G}_{F}$ $\mathit{0}$ $S_{gF}$ $\theta 0$
$\Gamma_{F,\mathit{0}}(\theta_{0})\leqq\pi$ , $\mathrm{i}\mathrm{n}\mathrm{d}_{o}(\mathrm{G}_{F})\leqq 1$ ([A4]). $\mathrm{G}_{F}$
Weingarten , $S_{gF}=\emptyset$ $F$ $g_{F}$
$\mathit{0}$ ([A4]):
$\mathrm{i}\mathrm{n}\mathrm{d}_{o}(\mathrm{G}_{F})=\mathrm{i}\mathrm{n}\mathrm{d}_{o}(\mathrm{G}_{gF})=1-k_{F}/2$ .
3 , Carath\’eodory Loewner
$p_{0}$
$S$ , $\mathrm{i}\mathrm{n}\mathrm{d}_{p0}(S)\leqq 1$ .
$\underline{\mathrm{P}_{\mathrm{B}}\text{ _{}\iota_{\grave{d}}\backslash }^{*\mathrm{B}},}$(index conjectu e) . ,




Carath\’eodory . $f$ $x,$ $y$
, $\partial_{\overline{z}}:=(\partial/\partial x+\sqrt{-1}\partial/\partial y)/2$ . $n\in \mathrm{N}$
, VT :
$\mathrm{V}_{f}^{(n)}:={\rm Re}(\partial\frac{n}{z}f)\frac{\partial}{\partial x}+{\rm Im}(\mathfrak{B}_{z}f)\frac{\partial}{\partial y}$.
Vf(n $\mathrm{V}_{f}^{(n)}$ D$f(n$ .
$n$ Loewner $\mathrm{V}_{f}^{(n)}$ Df(n $n$
([K], [T]). Loewner , (a), (b)
:
(a) $\mathrm{V}_{f}^{(1)}$
$\mathrm{V}_{f}^{(1)}=\frac{1}{2}\{\frac{\partial f}{\partial x}\frac{\partial}{\partial x}$ $\frac{\partial}{\partial y}\}$
. $\mathrm{V}_{f}^{(1)}$ $f$ .
$f$ , Vf(l Df(l





$\mathrm{V}_{f}^{(2)}=\frac{1}{4}\{(\frac{\partial^{2}f}{\partial x^{2}}-\frac{\partial^{2}f}{\partial y^{2}})\frac{\partial}{\partial x}+2\frac{\partial^{2}f}{\partial x\partial y}\frac{\partial}{\partial y}\}$
. $f$ Hessian $\mathrm{H}\mathrm{e}\mathrm{s}\mathrm{s}f$ . $\mathrm{V}_{f}^{(2)}$ $\mathrm{H}\mathrm{e}\mathrm{s}\mathrm{s}_{f}$
, $\phi\in \mathrm{R}$
















$S$ , $U$ $S$ . $\mathcal{D}$ $U$ .
$\mathcal{D}$ $U$ $(\mathcal{D}, U)$ $\underline{(\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{b}\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}}$ele en )
. $(\mathcal{D}0, U_{0})$ $(\mathcal{D}, U)$ –$\mathrm{E}\llcorner \text{ }$ (direct continuation) , $U\mathit{0}\cap U\neq\emptyset$
$U_{0}\cap U$ $\mathcal{D}0\equiv \mathcal{D}$ .
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$\{(\mathcal{D}_{i}, U_{i})\}_{i\in \mathrm{N}}$ $\underline{\mathrm{f}\mathrm{g},\beta_{J\mathrm{b}}}$(continu tion) , $i\in \mathrm{N}$ $(\mathcal{D}_{i+1}, U_{i+1})$
$(\mathcal{D}:, U_{i})$ .
$S$ $p$ , $p$ $X_{p}$ .
$X_{p}$ $\sim$ : $(\mathcal{D}_{1}, U_{1}),$ $(\mathcal{D}_{2}, U_{2})\in X_{p}$
$p$ $U_{1}\cap U_{2}$ $U_{0}$ $U_{0}\text{ }\mathcal{D}_{1}\equiv \mathcal{D}_{2}$ , $(\mathcal{D}_{1}, U_{1})\sim$
$(\mathcal{D}_{2}, U_{2})$ . $\sim$ $\overline{X}_{p}$ .
$D$ $S$ . $D$ $p$ $\overline{X}_{p}$
$D$ $\underline{\text{ }\mathrm{f}\mathrm{f}\mathrm{l}\text{ }}$(many-valued distribu ion) . $D$ $\tilde{\mathcal{D}}$
$(\mathcal{D}, U)$ $U\subset D$ $q\in U$ $(\mathcal{D}, U)$ $\tilde{\mathcal{D}}(q)$
, $(\mathcal{D}, U)\subset(\overline{\mathcal{D}}, D)$ . $D$ $\tilde{\mathcal{D}}$
(a) $(\infty \mathrm{n}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{u}\mathrm{o}\mathrm{u}\mathrm{s})$ , $p\in D$ $\omega\in\overline{\mathcal{D}}(p)$ $(\mathcal{D}, U)\in\omega$
$(\mathcal{D}, U)\subset(\tilde{\mathcal{D}}, D)$ ;
(b) $\vee\subset^{\backslash }\backslash$ 6 $(\infty \mathrm{m}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{e})$ , : $D$
$\{p\dot{.}\}:\in \mathrm{N}$ $\{(\mathcal{D}:, U\dot{.})\}:\in \mathrm{N}$ $i\in \mathrm{N}$ $\in U.\cdot$
$(\mathcal{D}:, U\dot{.})\subset(\tilde{\mathcal{D}}, D)$ , $(\mathcal{D}0, U\mathrm{o})$ link.\rightarrow \infty $p\dot{.}\in U0$
$(\mathcal{D}0, U\mathrm{o})\subset(\tilde{\mathcal{D}}, D)$ $i\mathrm{o}\in \mathrm{N}$ $i\geqq i_{0}$
$(\mathcal{D}0, U\mathrm{o})$ $(\mathcal{D}:, U\dot{.})$ ;
(c) $\text{ }1^{\mathrm{a}}\text{ }$ (separated) , $(\mathcal{D}_{1}, U),$ $(\mathcal{D}_{2}, U)\subset(\tilde{\mathcal{D}}, D)$
$q\in U$ $\tilde{\mathcal{D}}(q)$ ;
(d) 1 (pointwise $\mathrm{s}$ parated) , $(\mathcal{D}_{1}, U),$ $(\mathcal{D}_{2}, U)\subset$
$(\tilde{\mathcal{D}}, D)$ $U$ $\mathcal{D}_{1}\neq \mathcal{D}_{2}$ ;
(e) $\text{ }*$ $\vee\epsilon*$ (pointwise separable) , $\tilde{\mathcal{D}}$
: $(\mathcal{D}_{1}, U),$ $(\mathcal{D}_{2}, U)\subset(\tilde{\mathcal{D}}, D)$ $q_{0}\in$
$U$ $\mathcal{D}_{1}(qo)=\mathcal{D}_{2}(qo)$ , $q_{1}$ $U$ $O_{q0}$ $O_{\infty}$
$\phi_{1},$ $\phi_{2}$
(i) $\phi_{1}(q_{0})=\phi_{2}(q_{0})$ ;
(ii) $i=1,2$ 4 , $(\cos\phi:)\partial/\partial x+(\sin\phi\dot{.})\partial/\partial y$ $(\mathcal{D}:, O_{q0})$
(iii) $c\in \mathrm{R}\backslash \{0\}$ , $O_{q0}$ $c(\phi_{1}-\phi_{2})\geqq 0$ ,
$(x, y)$ $O_{\infty}$ .
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$D$ $S$ , $\tilde{\mathcal{D}}$ $D$ ,
. $n_{0}$ $\in D$ $\#\overline{\mathcal{D}}(p_{0})=n_{0}$ ,
$p\in D$ $\#\tilde{\mathcal{D}}(p)=$ . $n_{0}$ , $\tilde{\mathcal{D}}$
$n_{0}$ ($n_{0}$-valued) (finitely many-valued) .
$D$ $S$ , no . $\tilde{\mathcal{D}}$ $D$ ,
$n_{0}$ . $S\backslash D$ , $p\mathit{0}$ $S$ O
$O\text{ }\backslash \{\text{ }\}\subset D$ . $p\mathit{0}$ $\tilde{\mathcal{D}}$ ,
$\tilde{\mathcal{D}}$
$p_{0}$ . $(x, y)$
, $p_{0}$ $(0, 0)$ . r , $\{0<x^{2}+y^{2}<r_{0}^{2}\}$
$D$ . \phi
$jp0$
$(0, r_{0})\cross \mathrm{R}$ , $($’ $\theta)\in(0, r_{0})\cross \mathrm{R}$
$(\mathcal{D}, U)$ $(r\cos \theta, r\sin \theta)\in U$ $(\mathcal{D}, U)\subset(\tilde{\mathcal{D}}, D)$
$(r’\cos\theta’, r’\sin\theta’)\in U$ $(r’, \theta’)\in(0, r_{0})\cross(\theta-\pi/2, \theta+\pi/2)$
$\omega \mathrm{s}\phi_{\tilde{\mathcal{D}}}$
jp
$(r’, \Psi)\frac{\partial}{\partial x}+\mathrm{s}.\mathrm{n}\phi_{\tilde{\mathcal{D}}_{j}p0}(r’, \Psi)\frac{\partial}{\partial y}\in \mathcal{D}(r’\infty \mathrm{s}\theta’,r’\sin\theta’)$
. \phi ; \Phi
. $\overline{\mathcal{D}}$ $\text{ }$ (index) $\mathrm{i}\mathrm{n}\mathrm{d}_{p0}(\tilde{\mathcal{D}})$ :
$\mathrm{i}\mathrm{n}\mathrm{d}_{p0}(\tilde{\mathcal{D}}):=\frac{\phi_{\tilde{\mathrm{D}}_{j}p0}(r,\theta+2n_{0}\pi)-\phi_{\tilde{\mathrm{D}}_{j}p0}(r,\theta)}{2n_{0}\pi}$ . (2)
,
. (2) $(r, \theta)\in(0, r_{0})\cross \mathrm{R}$ \phi j \in \Phi j
$(x,y)$ . (2)
, , Hopf-Poincar\’e
. $no=1$ , $\tilde{\mathcal{D}}$ 1
, $\mathrm{i}\mathrm{n}\mathrm{d}_{p0}$ ( ) 1
.
$\Delta\backslash$“^ ,
. $n_{0}\in \mathrm{N}$ $m_{0}\in \mathrm{Z}\backslash \{0\}$ , $q_{0}:=m_{\mathrm{O}}/n_{0}$ .
$(r,\theta)\in(0, r_{0})\cross \mathrm{R}$ (rcos $\theta$ , rsin $\theta$)
$\{\cos(q_{0}\theta+\frac{j\pi}{n_{\mathrm{O}}})\frac{\partial}{\partial x}+\sin(q_{0}\theta+\frac{j\pi}{n_{0}})\frac{\partial}{\partial y}\}_{j=0,1,\ldots,n0-1}$
, $\mathrm{R}^{2}\backslash \{(0,0)\}$ ,
( ) . $(0, r_{0})$ $\cross \mathrm{R}$
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$\phi\ovalbox{\tt\small REJECT} \mathrm{c}_{90})_{\ovalbox{\tt\small REJECT}(\mathrm{Q}\mathrm{Q})},arrow\Phi\ovalbox{\tt\small REJECT} \mathrm{i}(q\mathrm{o})_{\ovalbox{\tt\small REJECT}(0,0)}$ , ($r,$ $\ovalbox{\tt\small REJECT}arrow(0, r_{0})\mathrm{x}\mathrm{R}$ $\phi\ovalbox{\tt\small REJECT} \mathrm{i}(90)_{\ovalbox{\tt\small REJECT}(0,0)}(r,$ $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} q\mathit{0}\theta$
. (2) , $\mathrm{i}\mathrm{n}\mathrm{d}(0,0)(\ovalbox{\tt\small REJECT}^{(q\mathrm{o})})\ovalbox{\tt\small REJECT} q\mathit{0}$ .
5
$n$ . $\mathrm{R}^{2}$ $D$ $f$ , ff $f$
$(0, n)$ :
$d^{n}f:=. \sum_{1=0}^{n}(\begin{array}{l}ni\end{array})\frac{\partial^{n}f}{\partial x^{n-}\partial y}\dot{.}\dot{.}$ d n-idyi.
$\phi$ $D$ $p$ , :
$\mathrm{U}_{\phi}:=\infty \mathrm{s}\phi\frac{\partial}{\partial x}+\mathrm{s}.\mathrm{n}\phi\frac{\partial}{\partial y}$, $(\overline{d^{n}f})_{p}(\phi):=(fff)_{p}(\mathrm{U}_{\phi}, \ldots, \mathrm{U}_{\phi})$ .
$D$ $p$ $L$
$(\overline{d^{n}f})_{p}$ $\phi 0$ $\mathrm{U}_{\emptyset 0}(p)\in L$
. , $L$ ’ $f$ $p$ $\mathrm{f}\underline{\mathrm{f}_{\mathrm{D}0}\mathrm{E}\text{ }\cap \mathfrak{o}(\mathrm{c}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{a}1}-$d rection) . $D$
$\mu \mathrm{l}$ ’ $f$ $\underline{\text{ }f_{1}5\iota}$(umbilical point) , $($’ $f)_{p\mathrm{o}}$ , $\mu \mathrm{l}$
. $\tilde{\mathcal{D}}_{\text{ }f}$ ’$f$
, , ff$f$
. , $\tilde{\mathcal{D}}_{d^{1}f}$ $f$ (–
) , $\tilde{\mathcal{D}}_{d^{2}f}$ $f$ Hessian ( )
( ) . $f$ ,
$( \overline{d^{n}f})(\phi)=\frac{\partial^{n}f}{\partial x^{n}}\cos n\phi+\frac{\partial^{n}f}{\partial x^{n-1}\partial y}\mathrm{s}.\mathrm{n}n\phi$
, $\tilde{\mathcal{D}}$ $f$ $ff^{l}f$
, $n$ . $f$




, $(0, 0)$ $\mathrm{R}^{2}\text{ }d^{3}f$ $\tilde{\mathcal{D}}_{d^{3}f}$
$\mathrm{R}^{2}\backslash \{(0,0)\}$ , 3 $(0, 0)$ $\overline{\mathcal{D}}_{d^{3}f}$
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$\mathrm{i}\mathrm{n}\mathrm{d}(0,0)(\tilde{\mathcal{D}}_{d^{3}f})$ -1/3 . $n\geqq 3$
, D $f$ .
D $f$ .
ff$f$ $\tilde{\mathcal{D}}$ $f$ $\text{ }_{arrow}^{-}$
( , $f$ [0, $\pi$ ) $(\overline{d^{n}f})_{p}$
$p$ , ).
:
D $f$ , ’$f$ $f$
1 .
$n\in\{1,2\}$ , Loewner . $n\geqq 3$
, $\mathrm{V}_{f}^{(n)}$ ff$f$ , Loewner
. [A5] , $([\mathrm{A}1]\sim[\mathrm{A}4]$
) , $f$
. , $f$ .
$f$ , D $f$ $f$
. .
$k$ $n$ . $g$ $k$ , $(0, 0)$ ’$g$
$\mathrm{R}^{2}\backslash \{(0,0)\}$ $p$ $[0, \pi)$ $(\overline{d^{n}g})_{p}$
$p$ . $(x,y)\in \mathrm{R}^{2}\backslash \{(0,0)\}$
ffg $x\sin\theta_{0}=y\cos\theta 0$ $\theta 0$ $R_{g}$
( 2 2-4 ) ([A5]). $I$ $\mathrm{R}$ .
$E_{g,I}^{(n)}$ $I$ , $\eta_{g}\in E_{g,I}^{(n)}$ $\theta\in I$ $(\cos\theta,\sin\theta)$
$(\cos\eta_{g}(\theta))\partial/\partial x+(\sin\eta_{g}(\theta))\partial/\sim$ ffg
. $R(ffg)$ $\mathrm{R}$ , $\theta 0\in R(ffg)$
$\theta 0$ $I$ $E_{g,I}^{(n)}$
$\eta_{g,\theta_{0}}$
$\theta_{0}=\eta_{g,\theta_{0}}(\theta_{0})$
. R(ffg)\subset R . $R_{g}=\mathrm{R}$
, $R(ffg)=\mathrm{R}$ $\mathrm{i}\mathrm{n}\mathrm{d}(0,0)(\tilde{\mathcal{D}}_{d^{n}g})=1$ . $R_{g}\neq \mathrm{R}$ . $\theta_{0}$
$R(ffg)$ , $I_{\theta_{0}}$ $I_{\theta_{0}}\cap R(ffg)=\{\theta 0\}$ $E_{g,I_{\theta_{0}}}^{(n)}$ $\eta_{g,1}$ ,
$\eta_{g,2}$
$I_{\theta_{0}}\backslash \{\theta 0\}$ $\theta$ $\eta_{g,1}=\eta_{g,2}$
$\theta$
$I_{\theta_{0}}\backslash \{\theta 0\}$
$\eta_{g,1}\equiv\eta_{g,2}$ . $N_{g}^{(n)}(\theta_{0})$ , $\theta 0$ $\theta 0$
$E_{g,I_{\mathit{9}_{0}}}^{(n)}$
$N_{g}^{(n)}(\theta 0)^{2}$ . $R(d^{n}g)$ $\theta_{0}$ $\tilde{g}(\theta_{0})\neq 0$
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, $N_{g}^{(n)}(\theta_{0})=1$ ([A5]). $n$ 1 2 , $\theta_{0}\in R(d^{n}g)$
$N_{g}^{(n)}(\theta 0)=1$ . $R(ffg)$ $\theta_{0}$ $\underline{\text{ _{}\backslash }\overline{\tau}(\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n})}$ ( ) ,
$I_{\theta_{0}}\backslash \{\theta_{0}\}$
$\theta$ $\theta 0$ $\theta 0$ Eg(M $\eta_{g,\theta_{0}}$
:
$(\theta-\eta_{g,\theta_{0}}(\theta))(\theta-\theta_{0})>0$ ( 0).
, $\theta 0$ ([A5]):
(a) $\tilde{g}(\theta_{0})--0$ ;
(b) $\tilde{g}$ $\theta 0$ .
$R(ffg)$ $\theta_{0}$ , $\theta_{0}$ $\theta_{0}$ ( 2 2-4 )
. $R(d^{n}g)$ $\theta_{0}$
: $\theta_{0}$ , $\theta_{0}$ ([A5]); $\theta_{0}$
$\theta_{0}$
$(n-1) \frac{d^{2}\tilde{g}}{d\theta^{2}}(\theta_{0})\neq(k(k-n))\tilde{g}(\theta_{0})$
, $\theta 0$ ( )
$(n-1) \frac{d^{2}\tilde{g}}{d\theta^{2}}(\theta_{0})/\tilde{g}(\theta 0)\in(k(k-n), \infty)$ ( [0, $k(k-n)$) $)$
([A5]). $R(d^{n}g)$ ( )
$R_{+}(ffg)$ ( $R_{-}$ (ffg)) , $\epsilon\in\{+, -\}$
$N_{g,\epsilon}^{(n)}:= \sum_{\theta 0\in R_{\mathrm{g}}(d^{n}g)\cap[\theta,\theta+\pi)}N_{g}^{(n)}(\theta_{0})$
. $N_{d^{n}g}$ D $g$ $N_{d^{n}g}$ , D g
$(0, 0)$ $\mathrm{i}\mathrm{n}\mathrm{d}_{(0,0)}(\tilde{\mathcal{D}}_{d^{n}g})$ $1-(N_{g,+}^{(n)}-N_{g,-}^{(n)})/N_{d^{n}g}\text{ }$ ([A5]).
ind$(0,0)$ (I) g) $\leqq 1$ . $g$ $k$ ,
\mbox{\boldmath $\theta$}0\in R $\theta_{0}\in R(ffg)$ $\tilde{g}(\theta_{0})\neq 0$ $\theta_{0}$
, $(N_{g,+}^{(n)}, N_{g,-}^{(n)})=(k, 0)$ $\mathrm{i}\mathrm{n}\mathrm{d}_{(0,0)}(\tilde{\mathcal{D}}_{d^{n}g})=1-k/n$ . 2 2-4
.
$f$ , 2 2-5 $\tilde{\mathcal{D}}_{d^{n}f}$ ([A5]).
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